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Introduction
Let X be a non-singular, non-reducible real algebraic curve of genus g = g(X). It is called
orientable if its real points R(X) divide its complex points C(X) ⊃ R(X) into 2 connected
components. Consider now a set of orientable non-singular, non-reducible real algebraic curves
X1, . . . , Xn (n > 3) of genus g > 1 such that for all i 6= j Xi is non-isomorphic to Xj over
R but it is isomorphic to Xj over C. According to [3], (n − 4)2
n−3 6 g − 1 and there exists
{X1, . . . , Xn} such that (n − 4)2
n−3 = g − 1. According to Harnak theorem, R(Xi) form
|Xi| 6 g + 1 simple closed contours (ovals).
In this paper we prove that
n∑
i=1
|Xi| 6 2g − (n− 9)2
n−3 − 2 6 2g + 30
and these estimates are exact.
For n = 3 and 4 it was proved in [4].
The proof is based on a detal description of real forms of complex algebraic curves. This
description has self-dependent importance . By our conditions all complex algebraic curves
Pi = C(Xi) are isomorphic to a complex algebraic curve P of genus g. Consider biholomorphic
maps ϕi : Pi → P . The involutions of complex conjugations τ
′
i : Pi → Pi give antiholomorphic
involutions τi = ϕτ
′
iϕ
−1 : P → P . They generate a finite group W : P → P . In §1 following
[5] we prove that W is a Coxeter group. In §2 we give a complete description of all such pairs
(P,W ). In §3, using the results of §1, §2, and the classification of finite Coxeter groups we
prove that
n∑
i=1
|Xi| 6 2g − (n− 9)2
n−3 − 2.
1
Farther, using an example of Singerman [8], we construct families of orientable curves {Xi, . . . ,
Xn} such that
n∑
i=1
|Xi| = 2g − (n− 9)2
n−3 − 2.
Some of these results were announced in [6, 7].
This work was carried out with the financial support by grants: RFBR 98-01-00612 and
INTAS 96-0713.
1. Real equipments and Coxeter groups
Let P be a complex algebraic curve, that is a compact Riemann surface of genus g(P ). An
antiholomorphic involution τ : P → P is called a real form of P [4]. It gives a real algebraic
curve (P, τ) [1] with real points
P τ = {p ∈ P |τp = p}.
It is obvious that if the set P τ1 ∩ P τ2 is infinite then τ1 = τ2.
A real form τ is called orientable if P/ < τ > is an orientable surface. In this case P τ
divides P into 2 connected components.
A finite group W generated by real (orientable) forms is called a real (orientable) equip-
ment of P .
Let W be a real orientable equipment of P . Denote by [W ] the set of all real orientable
forms τ ∈W . The closure C of a connected component of P \ ∪τ∈[W ]P
τ is called a camera of
W . Let us consider some camera C. The basis of C is the set SC of all σ ∈ [W ] such that the
set P σ ∩ C is infinite.
Lemma 1.1. The basis SC generates W . Each τ ∈ [W ] is conjugated to some σ ∈ SC .
Proof:Let τ ∈ [W ]. Let us consider the group WC generated by SC . The set
P˜ =
⋃
w˜∈WC
w˜C ⊂ P
2
is compact. It has no boundary and therefore P˜ = P . Thus there exists w˜ ∈ WC such that
the set w˜C ∩ P τ is infinite. Furthermore
w˜C ∩ P τ ⊂ ∂(w˜C) = w˜(∂C) ⊂ w˜(
⋃
σ∈SC
P σ).
Therefore there exists σ ∈ SC such that the set P
τ ∩ w˜(P σ) is infinite. Thus the set
P τ ∩ P w˜σw˜
−1
is infinite and τ = w˜σw˜−1. It follows that WC contains [W ] and therefore SC generates W . 
Let σ ∈ [W ] and Wσ be the set of all w ∈ W such that C and w(C) belong to the same
connected component of P \ P σ.
Lemma 1.2. Let σ1, σ2 ∈ SC , w ∈Wσ1 and wσ2 /∈Wσ1 . Then wσ2 = σ1w.
Proof: The sets wσ2(C) and C belong to opposite connected components of P \P
σ1 . The sets
C and w(C) belong to the same connected component of P \ P σ1 . Thus wσ2(C) and w(C)
belong to the opposite connected components of P \ P σ1 . Therefore σ2(C) and C belong to
the opposite connected components of P \ Pw
−1σ1w and hence
σ2(C) ∩ C ⊂ P
w−1σ1w.
On the other hand
σ2(C) ∩ P
σ2 = C ∩ P σ2
and thus the set
σ2(C) ∩ C = σ2(C) ∩ C ∩ P
σ2 = C ∩ P σ2
is infinite. Therefore the set
P σ2 ∩ Pw
−1σ1w ⊃ σ2(C) ∩ C
is infinite and σ2 = w
−1σ1w. 
Let l(w) be the least l such that w = σ1 . . . σl, where σi ∈ SC .
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Theorem 1.1 [5]. Let W be a real orientable equipment of P and C its camera. Then: 1)Pair
(W,SC) is a Coxeter system that is to say SC = {σ1, . . . , σn} generates W with defining
relations σ2i = 1, (σiσj)
mij = 1 for some integers mij ; 2)C is a fundamental region of W .
Proof: It is obvious that 1 ∈Wσ and Wσ ∩σWσ = ∅ for σ ∈ SC . It follows from [2, IY, §1, n
o7]
that these relations and the proposition of lemma 1.2 give that (W,SC) is a Coxeter system
and
Wσ = {w ∈W |l(σw) > l(w)}.
Thus if w ∈W and wC = C then
w ∈
⋂
σ∈SC
Wσ = {w ∈W |l(σw) > l(w) for all σ ∈ SC} = 1.
Since C ∩ w(∂C) ⊂ ∂C, we see that C is a fundamental region of W .
Corollary 1.1. Let W be a real orientable equipment of P and C its camera. Then: 1) All
fixed points of all w ∈ W belong to
⋃
τ∈[W ] P
τ ; 2) If a real form τ ∈ W has real points then
it is conjugated to some σ ∈ SC ; 3) If order of w ∈ W is more that 5 and w has a fixed point,
then w generates a normal subgroup of W .
Proof: 1) Suppose w ∈ W has a fixed point p ∈ P \
⋃
τ∈[W ] P
τ . Since C is a fundamental
region of W and
W (
⋃
τ∈[W ]
P τ ) =
⋃
τ∈[W ]
P τ ,
there exists h ∈ W such that hwh−1 has a fixed point in C \ ∂C. Hence hwh−1(C) = C.
Therefore hwh−1 = 1 and w = 1. 2) Let τ ∈ W be a real form with real points. Then,
by 1), τ ∈ [W ]. It follows from this and lemma 1.1 that τ is conjugated to some σ ∈ SC .
3) Let wp = p. Consider a camera C ∋ p. Let SC = {σ1, . . . , σn}. It follows from 1) that
p ∈ P σi ∩ P σj . Thus w = (σiσj)
k and order of σiσj is greater that 5. It follows from this and
the classification of Coxeter systems [2, VI, §4] that σiσj generates a normal subgroup of W .
Therefore w generates a normal subgroup of W .
2. Topological classification and uniformization of equipments
4
Let (W,S) be a Coxeter system and m1, . . . , mk be positive integer numbers. We shall say
that a set (W,S, T ) is (m1, . . . , mk) - swelling Coxeter system if
T = {σ(i, j) ∈ S|i = 1, . . . , k, j ∈ Z},
where
⋃
ij
σ(i, j) = S, σ(i, j +mi) = σ(i, j), and σ(i, j) 6= σ(i, j + 1) if mi > 1.
We say that a (m11, . . . , m
1
k) - swelling Coxeter system (W
1, S1, T 1) is isomorphic to
a (m21, . . . , m
2
k) - swelling Coxeter system (W
2, S2, T 2) if there exists a permutation η :
{1, . . . , k} → {1, . . . , k}, integers t1, . . . , tk ∈ Z, and an isomorphism ψ : W
1 → W 2 such
that m1i = m
2
η(i) and
ψ(σ1(i, j)) = σ2(η(i), j + ti),
where T l = {σl(i, j)}.
Let us now associate with every real orientable equipment (P,W ) some swelling Coxeter
system.
Let C ⊂ P be a camera ofW and a1, . . . , ak be connected components of ∂C. The complex
structure on P gives an orientation on C. This orientation on C gives the orientations on ai.
If ai is not oval thus points of intersections of ovals divide ai on segments l
1
i , . . . , l
mi
i . We
label the segments by the index j in order that lji ∩ l
j+1
i 6= ∅, and the ordering of the segments
l1i , l
2
i , . . . , l
mi
i gives the contour ai with the given orientation on it.
If ai is an oval that put us mi = 1, l
1
i = ai. For any l
j
i it exists σ(i, j) ∈ SC such that
lji ⊂ P
σ(i,j).
Moreover σ(i, j) 6= σ(i, j + 1) and σ(i, 1) 6= σ(i,mi) for mi 6= 1. Put
TC = {σ(i, j)|i = 1, . . . , k, j ∈ Z},
where σ(i, j + nmi) = σ(i, j) for n ∈ Z. It is obvious that (W,SC , TC) is a (m1, . . . , mk) -
swelling Coxeter system.
5
Two real orientable equipments (P 1,W 1) and (P 2,W 2) are called topological equivalent
if there exists a homeomorphism ϕ : P 2 → P 1 such that W 2 = ϕW 1ϕ−1.
Theorem 2.1. Real orientable equipments (P 1,W 1) and (P 2,W 2) are topologically equiva-
lent if and only if
g(P 1/W 1) = g(P 2/W 2)
and there exist cameras Cl ⊂ P l of W l such that the swelling Coxeter systems
(W 1, SC1 , TC1); (W
2, SC2 , TC2)
are isomorphic.
Proof: Let (P 1,W 1) and (P 2,W 2) be topologically equivalent and ϕ : P 1 → P 2 be a home-
omorphism such that W 2 = ϕW 1ϕ−1. Let C1 ⊂ P 1 be a camera of W 1 and C2 = ϕ(C1).
Consider a homomorphism ψ : W 1 → W 2 such that ψ(w) = ϕwϕ−1. Then it is obvi-
ous, that g(P 1/W 1) = g(P 2/W 2) and ψ gives an isomorphism between (W 1, SC1 , TC1) and
(W 2, SC2 , TC2).
Let us now suppose g(P 1/W 1) = g(P 2/W 2) and (W 1, SC1 , TC1), (W
2, SC2 , TC2) be
isomorphic swelling Coxeter systems for some cameras Cl ⊂ P l. The boundaries of Cl consist
of segments
llij ⊂ P
σl(i,j),
where TCl = {σ
l(i, j)}. The isomorphism
ψ : (W 1, SC1 , TC1)→ (W
2, SC2 , TC2)
gives a correspondence (i, j) 7→ (η(i), ξ(j)) such that
ψ(σ1(i, j)) = σ2(η(i), ξ(j))
and
σ2(η(i), ξ(j + 1)) = σ2(η(i), ξ(j) + 1).
Thus there exists a homeomorphism ϕ˜ : C1 → C2 such that
ϕ˜(l1ij) = l
2
η(i)ξ(j).
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Consider now the homeomorphism ϕ : P 1 → P 2, where
ϕ(p) = ψ(w)ϕ˜(w−1p)
for p ∈ wC1. Then W 2 = ϕW 1ϕ−1. 
Let (W,S, T ) be a (m1, . . . , mk) - swelling Coxeter system and T = {(σ(i, j)}. Let n(i, j)
be order of (σ(i, j) · σ(i, j + 1)). Put
µg = µg(W,S, T ) = 4g + 2k − 4 +
k∑
i=1
mi∑
j=1
(1−
1
n(i, j)
).
Denote
Λ = Λ((W,S, T ), g)
the Riemann sphere if µg = 0, the complex plane C if µg = 1, and the upper half-plane
{z ∈ C|Im z > 0}
if µ > 1. Let Aut(Λ) be the group of all holomorphic and all antiholomorphic automorphisms
of Λ and
Aut(Λ) ⊂ Aut(Λ)
be the subgroup of holomorphic automorphisms.
Consider a discrete group G ⊂ Aut(Λ) and an epimorphism ψ : G→W . The pair (G,ψ)
is called a g-planar realization of (W,S, T ) if G has generators
{aα, bα ∈ Aut(Λ) (α = 1, . . . , g), ci ∈ Aut(Λ) (i = 1, . . . , k),
σij /∈ Aut(Λ)(i = 1, . . . , k, j = 1, . . . , mi + 1)},
generating G with defining relations
g∏
α=1
[aαbα]
k∏
i=1
ci = 1, σ
2
ij = 1, (σij · σij+1)
n(i,j) = 1, σi1ciσimi+1 = ci
and moreover
ψ(σij) = σ(i, j), ψ(aα) = ψ(bα) = ψ(ci) = 1.
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Here [ab] = aba−1b−1 is the commutator of the elements a, b ∈ G.
Lemma 2.1. Let (G,ψ) be a g-planar realization of (W,S, T ), P = Λ/ker ψ. WP = G/ker ψ.
Then (P,WP ) is a real orientable equipment and there exists a camera C ⊂ P such that the
swelling Coxeter system (WP , SC , TC) is isomorphic to (W,S, T ).
Proof: Put P˜ = Λ/G. Let F : G → WP , Φ : Λ → P , ϕ : P → P˜ and Φ˜ = ϕΦ : Λ → P˜
be the natural projections. It follows from [9, Ch4] that all critical values of Φ˜ belong to ∂P˜ .
Moreover the fundamental group of P˜ is generated by the images of aα, bα, ci. Thus ϕ is a
homeomorphism on each connected component of ϕ−1(P˜ \ ∂P˜ ) and the closing of each one is
a fundamental region of WP . It follows from [9, Ch4] that G has a fundamental region B such
that
∂Φ˜(B) = Φ˜(
⋃
ij
{z ∈ B|σijz = z}).
Thus the C = Φ(B) is a fundamental region of WP and
∂C ⊂
⋃
ij
PF (σij).
Put
S1C = {σ1, . . . , σn} = F ({σij (i = 1, . . . , k; j = 1, . . . , mi}).
Then (WP , S
1
C) is a Coxeter system and
∂C ⊂
m⋃
i=1
P σi .
Let us prove that each real form σs is orientable. Consider
Ws = {w ∈WP |l(σsw) > l(w)},
where l(w) is the least l such that w = σi1 · · ·σil . Put
P1 =WsC and P2 = (W \Ws)C.
Let
p ∈ P1 ∩ P2 = ∂P1 = ∂P2.
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Then p ∈ w1C ∩ w2C, where w1 ∈ Ws, w2 ∈ W \Ws. Put p0 = w
−1
1 p ∈ ∂C. Then σtp0 = p0
for some σt ∈ S
1
C . Thus
(w1σtw
−1
1 )p = p and (w1σtw
−1
1 )(w1C) = w2C.
Therefore w1σt = w2 /∈Ws and according to [2, IY, §1 n
07] w1σtw
−1
1 = σs. Thus
p ∈ P σs and P1 ∩ P2 ⊂ P
σs .
Therefore P σs divides P into 2 connected components.
Thus (P,WP ) is a real orientable equipment with the camera C, S
1
C = SC and ψ gives an
isomorphism between (WP , SC , TC) and (W,S, T ).
Theorem 2.2. For each (m1, . . . , mk)-swelling Coxeter group (W,S, T ) and g ≥ 0 there exists
a g - planar realization of (W,S, T ) and a real orientable equipment (P,WP ) with a camera
C ⊂ P such that g(P/WP ) = g and the swelling Coxeter system (WP , SC , TC) is isomorphic
to (W,S, T ).
Proof: It follows from [9, Ch 4] that there exists a discrete group
G ∈ Aut(Λ) (Λ = Λ((W,S, T ), g)
with generators
{aα, bα ∈ Aut(Λ) (α = 1, . . . , g), ci ∈ Aut(Λ) (i = 1, . . . , k),
σij /∈ Aut(Λ) (i = 1, . . . , k, j = 1, . . . , mi + 1)}
and the defining relations
σ2ij = 1, (σij · σij+1)
n(i,j) = 1,
g∏
α=1
[aαbα]
k∏
i=1
ci = 1, σi1ciσimi+1 = ci,
where n(i, j) is the order of
(σ(i, j) · σ(i, j + 1))
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and
T = {σ(i, j)}.
Put now
ψ(aα) = ψ(bα) = ψ(ci) = 1
and
ψ(σij) = σ(i, j).
Then (G,ψ) is a g- planar realization of (W,S, T ) and theorem 2.2 follows from lemma 2.1. 
We say that real equipments (P1,W1) and (P2,W2) are isomorphic if there exists a holo-
morphic map ϕ : P1 → P2 such that W2 = ϕW1ϕ
−1.
Theorem 2.3. Each real orientable equipment is isomorphic to
(Λ/ker ψ,G/ker ψ),
where (G,ψ) is a g-planar realization of some swelling Coxeter system.
Proof: Let (P,WP ) be a real orientable equipment, g = g(P/WP ) and C be some camera of
WP . It follows from theorem 2.2 that there exist a g- planar realization (G0, ψ0) of the swelling
Coxeter system (WP , SC , TC). It follows from lemma 2.1 and theorem 2.1 that there exists a
homeomorphism
ϕ : P → Λ/ker ψ0
such that
ϕWPϕ
−1 = G0/ker ψ0.
Consider a uniformization Φ : Λ→ P and a natural projection
Φ0 : Λ→ Λ/ker ψ0.
According to [9, Ch.5], there exists a homeomorphism ϕ˜ : Λ → Λ such that Φ0ϕ˜ = ϕΦ. Put
G = ϕ˜−1G0ϕ˜ and ψ = ψ0F , where F : G → G0 and F (w) = ϕ˜wϕ˜
−1. Then (G,ψ) is a
g-realization of (WP , SC , TS) and Φ gives a isomorphism between (Λ/ker ψ, G/ker ψ) and
(P,WP ). 
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3. Total number of ovals
We shall use
Lemma 3.1.[4] Let W : P → P be a finite group of autohomeomorphisms of a compact
orientable surface P . Then there exists a complex structure on P such that W consists of
holomorphic and antiholomorphic homeomorphisms.
It follows from Harnak’s theorem that the set Pα of the fixed points of a real form
α : P → P consists of |α| 6 g(P ) + 1 simple closed contours (ovals). For a real orientable
equipment (P,W ) we put
h(P,W ) =
∑
α∈[W ]
|α| − 2g(P )
and
PW =
⋃
α∈[W ]
Pα.
A real orientable equipment (P,W ) is called commutative if W is a commutative group.
Put h(n, g) = max {h(P,W )}, where max is taken by all commutative equipments (P,W ) such
that g(P ) = g and [W ] consists of n elements.
Consider a function f(2) = 2, f(n) = −(n − 9)2n−3 − 2 for n > 2. Our next goal is the
proof that h(n, g) 6 f(n) for n > 1.
Lemma 3.2. Suppose h(n′, g′) 6 f(n′) for all g′ < g and n′ > 2. Let (P,W ) be a commu-
tative equipment such that g(P ) = g, [W ] = (α1, . . . , αn), where n > 2, and some connected
component of PW belongs to Pαn . Then h(P,W ) < f(n).
Proof: Let a be a connected component of PW and a ⊂ Pαn . Then a is an oval of αn and
A =
⋃
w∈W w(a) consists of 2
n−1 non-intersecting contours. If P \A is connected, we squeeze
to a point each boundary contour of P \ A . Thus we obtain a compact surface P ′, where
g′ = g(P ′) = g − 2n−1. The forms α1, . . . , αn give involutions α
′
i : P
′ → P ′. It follows from
lemma 3.1 that it exists a complex structure on P ′ such that α′1, . . . , α
′
n are real forms of P
′.
They generate a commutative equipment such that
n∑
i=1
|α′i| =
n∑
i=1
|αi| − 2
n−1.
Therefore
h(P,W ) =
n∑
i=1
|αi|−2g =
n∑
i=1
|α′i|+2
n−1−2g′−2n = (
n∑
i=1
|α′i|−2g
′)−2n−1 < h(n, g′) 6 f(n).
Let now P \ A be disconnected. Then P \ A consists of two connected components P1
and P2. Contract to a point each boundary contour of P1 to produce a compact surface P
′ of
genus
g′ = g(P ′) =
1
2
(g − 2n−1 + 1).
The forms α1, . . . , αn−1 give involutions α
′
i : P
′ → P ′. Consider a complex structure on P ′
such that α′1, . . . , α
′
n−1 are real forms of P
′. They generate a commutative equipment such
that
n∑
i=1
|α′i| =
1
2
(
n∑
i=1
|αi| − 2
n−1).
Therefore
h(P,W ) =
n∑
i=1
|αi| − 2g = 2
n−1∑
i=1
|α′i|+ 2
n−1 − 4g′ − 2n + 2 =
2(
n−1∑
i=1
|α′i| − 2g
′)− 2n−1 + 2 6 2f(n− 1)− 2n−1 + 2.
Thus if n = 3, then
h(P,W ) 6 4− 4 + 2 < 4 = f(3).
If n > 3, then
h(P,W ) 6 2(−(n− 10)2n−4 − 2)− 2n−1 + 2 = −2n−3(n− 6)− 2 < f(n).
Lemma 3.3. Suppose h(n′, g′) 6 f(n′) for all g′ < g and n′ > 2. Let (P,W ) be a commu-
tative equipment such that g(P ) = g, [W ] = (α1, . . . , αn), where n > 2, and some connected
component of PW belongs to Pαn−1 ∪ Pαn . Then f(P,W ) < f(n).
Proof: Let a be a connected component of PW and a ⊂ Pαn−1 ∪ Pαn . If a ⊂ Pαn−1 or
a ⊂ Pαn , then lemma 3.3 follows from lemma 3.2. Let a 6⊂ Pαn−1 and a 6⊂ Pαn . In this case
a consists of some number m of ovals from Pαn−1 and the same number m of ovals from Pαn .
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Moreover each of these ovals contains exactly 2 points of Pαn−1 ∩Pαn . Thus A = ∪w∈[W ]w(a)
consists of m · 2n−2 ovals of αn−1 and m · 2
n−2 ovals of αn.
Suppose P \ A is connected. Then we contract to a point each boundary component of
P \ A. Thus we obtain a compact surface P ′ of genus g′ = g(P ′) = g − (m + 2) · 2n−2. The
forms α1, . . . , αn give involutions α
′
i : P
′ → P ′. Consider a complex structure on P ′ such that
α′1, . . . , α
′
n are real forms of P
′. They generate a commutative equipment such that
n∑
i=1
|α′i| =
n∑
i=1
|αi| −m · 2
n−1.
Therefore
h(P,W ) =
n∑
i=1
|αi| − 2g =
n∑
i=1
|α′i|+m · 2
n−1 − 2g′ −m · 2n−1 − 2n+1 < h(n, g′) 6 f(n).
If P \A is disconnected then it forms 4 connected components. Let P1 be one of them. Contract
to a point each boundary component of P1 to obtain a compact surface P
′ with
g′ = g(P ′) =
1
4
(g − (m− 1)2n−2 − 4(2n−2 − 1)).
The forms α1, . . . , αn−2 give involutions α
′
i : P
′ → P ′. Consider a complex structure on P ′
such that α′1, . . . , α
′
n−2 are real forms of P
′. They generate a commutative equipment such
that
n−2∑
i=1
|α′i| =
1
4
(
n∑
i=1
|αi| −m · 2
n−1).
Thus
h(P,W ) =
n∑
i=1
|αi| − 2g = 4
n−2∑
i=1
|α′i|+m · 2
n−1 − 8g′ − (m− 1)2n−1 − 8(2n−2 − 1) =
4(
n−2∑
i=1
|α′i| − 2g
′)− 3 · 2n−1 + 8 = 4f(n− 2)− 3 · 2n−1 + 8.
If n > 4 then
h(P,W ) 6 4(−(n− 11)2n−5 − 2)− 3 · 2n−1 + 8
= 2n−3(−n+ 11− 12)− 8 + 8 = 2n−3(−n− 1) < −2n−3(n− 9)− 2 = f(n).
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If n = 4 then
h(P,W ) 6 4 · 2− 3 · 23 + 8 = −8 < f(4).
If n = 3 then
Pα1 ∩ (Pα2 ∪ Pα3) = ∅
and lemma 3.3 follows from lemma 3.2. 
Lemma 3.4. Let (P,W ) be a commutative equipment such that [W ] = (α1, . . . , αn), where
n > 2. Then (n − 4)2n−3 6 g − 1. Moreover if every connected component of PW does not
belong to Pαi ∪ Pαj for each i, j, then
n∑
i=1
|αi| 6 2g(P )− (n− 9)2
n−3 − 2.
Proof: Let C ⊂ P be a camera of W and a˜1, . . . , a˜k be its boundary contours. The contour a˜i
consists of segments
ℓi1, . . . , ℓimi ,
where
ℓij ⊂ P
σ(i,j), σ(i, j) ∈ [W ]
and
σ(i, j) 6= σ(i, j + 1), σ(i, 1) 6= σ(i,mi).
Let ti be the number of distinct elements between
σ(i, 1), . . . , σ(i,mi).
Our conditions give ti > 3. Moreover
k∑
i=1
ti > n.
Put
σ(i, j + nmi) = σ(i, j)
14
for n ∈ Z. Consider
L1i = {ℓij|σ(i, j − 1) = σ(i, j + 1)},
L2i = {ℓij|σ(i, j − 1) 6= σ(i, j + 1)}.
Let si be the number of elements in L
2
i . It follows from ti > 3 that si > ti − 1.
Let P˜ = P/W and ϕ : P → P˜ be the natural projection. Then ϕ−1(ℓij) consists of ovals
of σ(i, j). The number of these ovals is 2n−2 if ℓij ∈ L
1
i and 2
n−3 if ℓij ∈ L
2
i . Thus
n∑
i=1
|αi| =
k∑
i=1
(si · 2
n−3 + (mi − si) · 2
n−2) =
k∑
i=1
(mi · 2
n−2 − si · 2
n−3) 6
k∑
i=1
(mi · 2
n−2 − (ti − 1)2
n−3) = (
k∑
i=1
mi) · 2
n−2 + k · 2n−3 − (
k∑
i=1
ti) · 2
n−3 6
(
k∑
i=1
mi) · 2
n−2 + (k − n) · 2n−3.
On the other hand, it follows from theorem 2.3 that
(P,W ) = (Λ/Ker ψ, G/Ker ψ),
where (G,ϕ) is a g−planar realization the swelling Coxeter system (W, [W ], T ), and
T = {σ(i, j), i = 1, . . . , k, j ∈ Z}.
It follows from Riemann-Hurwitz’s theorem ([9], 4.14.21) that
4g − 4 = 2n(4g˜ − 4 + 2k +
1
2
k∑
i=1
mi),
where g = g(P ), g˜ = g(P˜ ). Thus
g − 1 > 2n−2(−2 +
1
2
n) = 2n−3(n− 4)
and
n∑
i=1
|αi| − 2g 6 (
k∑
i=1
mi) · 2
n−2 + (k − n) · 2n−3 − 2n−1(4g˜ − 4 + 2k +
1
2
k∑
i=1
mi)− 2 6
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6 (k − n) · 2n−3 + 2n+1 − k · 2n − 2 6 (1− n) · 2n−3 + 2n+1 − 2n − 2 =
= −2n−3(n− 1− 16 + 8)− 2 = −(n − 9) · 2n−3 − 2.
Lemma 3.5. Let (P,W ) be a real orientable equipment and τ1, . . . , τn ∈ [W ] (where n > 2)
be non-conjugate. Then there exists a commutative equipment W ′ ⊂W such that
[W ′] = (α1, . . . , αn), αi 6= αj
and
n∑
i=1
|τi| 6
n∑
i=1
|αi|.
Proof: Let W˜ be the real orientable equipment generated by τ1, . . . , τn and C its camera. It
follows from lemma 1.1 that there exist β1, . . . , βn ∈ SC such that βi = wiτiw
−1
i , wi ∈ W˜ .
Let W˜ ′ be the real orientable equipment, generated by S˜′ = (β1, . . . , βn). Put αj = βj if βj
belongs to the center of W˜ ′.
Let us now assume that βj does not belong to the center of W˜
′. It follows from theorem
1.1 that (W˜ ′, S˜′) is a Coxeter system. Moreover β1, . . . , βn are non-conjugated in W˜
′. We
observe, using the classification of Coxeter systems [2, VI, §4], that there exists only one
βi ∈ S˜
′ such that βiβj 6= βjβi. For similar reasons βiβk = βkβi if k 6= j. The order 2m of
βiβj is even because βi and βj are non-conjugated in W˜
′. Put γ = (βiβj)
m. Then γ belongs
to the center of W˜ ′. For |βi| > |βj | we put αi = βi, αj = γβi. For |βj | > |βi| we put αj = βj ,
αi = γβj. Then α1, . . . , αn generate a commutative equipment W
′ and
n∑
i=1
|αi| >
n∑
i=1
|τi|.
Theorem 3.1. Let (P,W ) be a real orientable equipment, g(P ) = g and τ1, . . . , τn ∈ [W ]
(where n > 2) be non-conjugated in W . Then (n− 4)2n−3 6 g − 1 and
n∑
i=1
|τi| 6 2g − (n− 9)2
n−3 − 2.
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Proof: Due to lemma 3.5 it suffices to prove theorem 3.1 for commutative equipment. For this
case it follows from lemma 3.4 that (n− 4)2n−3 6 g− 1. We use an induction on g = g(P ) for
to prove
n∑
i=1
|τi| 6 2g − (n− 9)2
n−3 − 2.
If g(P ) = 0 then n = 3 and
∑n
i=1 |τi| = 3 < 6− 2. Let us assume that the statement is proved
for the cases g(P ) < g. If it exists a connected component a of PW such that a ⊂ P τi ∪ P τj ,
then the statement of theorem 3.1 follows from lemma 3.3. Otherwise it follows from lemma
3.4. 
Theorem 3.2. For any n > 2 and m > 0, where n + 2m > 4, there exists a commutative
equipment (P,W ) such that the forms [W ] = (τ1, . . . , τn) are non-conjugated with respect to
holomorphic automorphisms of P ,
g(P ) = 2n−3(n+ 2m− 4) + 1
and
n∑
i=1
|τi| = 2g(P )− (n− 9)2
n−3 − 2.
Proof: Consider a rectangular (n + 2m)-gon with incommensurable sides ℓ1, . . . , ℓn+2m on
Lobachevskij plane Λ. Let G ⊂ Aut(Λ) be the group generated by reflections σi in the sides ℓi
of the polygon. Let W˜ ∼= (Z2)
n be the group generated by n involutions s1, . . . , sn. Consider
the epimorphism ψ : G → W˜ such that ψ(σi) = si for i = 1, . . . , n − 1, ψ(σn+2j) = s2,
ψ(σn+2j+1) = sn for j = 0, ..., m− 1. Then (G,ψ) is a plan realization. It follows from lemma
2.1 that (P,W ) = (Λ/Ker ψ, G/Ker ψ) is a commutative equipment and [W ] = (τ, . . . , τn),
where
τi = σi/Ker ψ for i = 1, . . . , n− 1, τ2 = σn+2i/Ker ψ for i = 0, . . . , m,
τn = σn+2j+1/Ker ψ, for j = 0, . . . , m− 1.
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Riemann-Hurwitz’s formula [9, 4.14.11] gives
g(P ) = 2n−3(n+ 2m− 4) + 1.
Let ψ : P → P/W be the natural projection. Then ψ−1(ℓi) forms 2
n−3 ovals of τ ∈ [W ] for
i = 2, . . . , n and it forms 2n−2 ovals of τ ∈ [W ] for i = 1 and i > n. Thus
n∑
i=1
|τi| = (n− 1)2
n−3 + (2m+ 1)2n−2
and
2g(P )−
n∑
i=1
|τi| = 2
n−3(2n+ 4m− 8) + 2− (n− 1)2n−3 − (4m+ 2)2n−3 =
= (n− 9)2n−3 + 2.
It follows from incommensurability of ℓi that τi are non-conjugated with respect to holomorphic
automorphisms (i.e. isometries with respect to Lobachevskij metric) of P . 
Corollary 3.1. Let X1, . . . , Xn (n > 3) be orientable non-singular, non-reducible real alge-
braic curves of genus g > 1 such that for any i 6= j Xi is non-isomorphic to Xj over R but
isomorphic over C. Then
n∑
i=1
|Xi| 6 2g − (n− 9)2
n−3 − 2 and (n− 4)2n−3 6 g − 1
and this estimate is attained for each n for infinite number of g.
Proof: By definition there exists a Riemann surface P and biholomorphic maps ψ : Pi → P ,
such that Xi = (Pi, αi). Then τi = ψiαiψ
−1
i generate an orientable equipment of P . Thus
corollary 3.1 follows from theorems 3.1 and 3.2. 
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